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Single-photon and correlated two-photon sources are impor-
tant elements for optical information systems. Nonlinear down-
conversion light sources are robust and stable emitters of single
photons and entangled photon pairs. However, the rate of
downconverted light emission, dictated by the properties of
low-symmetry nonlinear crystals, is typically very small, leading
to significant constraints in device design and integration.
In this Letter, we study principles of spontaneous emission
control (i.e., the Purcell effect) generalized to describe the en-
hancement of nonlinear generation of quantum light through
spontaneous parametric downconversion. We develop a theo-
retical framework based on eigenmode analysis to study quan-
tum nonlinear emission in a general anisotropic, dispersive,
and lossy media. Our theory provides an unprecedented insight
into the emission process. We find that spontaneous parametric
downconversion in a media with hyperbolic dispersion is
broadband and phase-mismatch-free. We further predict a sig-
nificant enhancement of the downconverted emission rate in
experimentally realistic nanostructures. Our theoretical formal-
ism and approach to Purcell enhancement of nonlinear optical
processes provides a framework for description of quantum
nonlinear optical phenomena in complex nanophotonic struc-
tures. © 2018 Optical Society of America under the terms of the OSA
Open Access Publishing Agreement
OCIS codes: (160.3918) Metamaterials; (160.4330) Nonlinear optical ma-
terials; (190.4410) Nonlinear optics, parametric processes; (270.5580)
Quantum electrodynamics; (270.1670) Coherent optical effects.
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The Purcell effect is an elegant manifestation of quantum engineer-
ing by which the spontaneous emission rates of individual quantum
emitters can be dramatically altered [1,2]; see Figs. 1(a) and 1(b).
Nonetheless, the complexity of emitter design and challenges
associated with matching photon sources in frequency, polarization,
and phase have to date limited the use of individual quantum emit-
ters in quantum optical systems.
Nonlinear optical processes (e.g., spontaneous parametric
downconversion [3] and four-wave mixing [4]) offer a distinctly
different approach to light generation. Their relative simplicity,
high single-photon indistinguishability, stability, and straightfor-
ward room-temperature entanglement make quantum nonlinear
sources advantageous for a large variety of practical applications [5]
as well as in benchmark quantum experiments [6]. However,
sources based on quantum nonlinear processes suffer from a num-
ber of limitations, including phase mismatch, which constrains
operation to a narrow, material-specific frequency band, and low
efficiency (i.e., low photon pair generation rate per unit length),
leading to bulky devices that do not lend themselves to compact
monolithic integration [1]. We note that recent reports of
waveguide-integrated structures can achieve high efficiency, but
are typically at least 100 μm long [4,7–9] or utilize resonant cavities
with very high quality factors [3,10,11]. Mitigating these con-
straints would enable high-efficiency quantum nonlinear sources
of single and entangled photons for chip-scale optical devices.
Here, for the first time to the best of our knowledge, we reveal
key insights of the spontaneous parametric downconversion in non-
linear metamaterials with hyperbolic dispersion. We show that by
modifying light dispersion and the density of optical states in hyper-
bolic metamaterials, photon pair generation through spontaneous
parametric downconversion may be enhanced over a broad fre-
quency range. We develop a comprehensive theoretical formalism
describing quantum nonlinear light emission in structures with a
modified density of optical states, such as nonlinear metamaterials,
highly dispersive crystals, and plasmonic nanostructures.We further
identify new regimes of nonlinear light generation, including phase-
mismatch-free, wavelength-tunable, and hyperbolic photon pair
emission. Finally, we discuss experimental feasibility and design.
In spontaneous parametric downconversion, pump photons
with frequency ωp in a quadratically nonlinear crystal may spon-
taneously fission, shown in Fig. 1(c), to emit quantum-correlated
signal and idler photons with frequencies ωs and ωi, respectively,
and wavevectors ksωs and kiωi, where energy conservation
requires that ωp  ωi  ωs. The rate at which individual down-
converted photons or photon pairs are generated is a key perfor-
mance metric.
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As is the case for ordinary spontaneous emission, shown in
Figs. 1(a) and 1(b), spontaneous nonlinear luminescence depends
on the strength of the quantum mechanical interaction and
the density of available optical states in the system, ρ ∝R
∂Vk j ∂ω∂k j−1d2s(for an unbounded medium, where integration is
over the isofrequency surface ∂Vk) [12]. However, spontaneous
parametric downconversion also requires phase matching between
the interacting pump, signal, and idler waves, Δk 
kp − ks − ki → 0; see Fig. 1(c). Describing the Purcell-like en-
hancement of nonlinear luminescence requires modifying both
the density of optical modes, determined by the isofrequency sur-
face ∂Vk , and the light dispersion kω at the pump, signal, and
idler wavelengths.We note that periodic poling of a nonlinear crys-
tal helps to minimize the phase-matching constraint, but does not
by itself significantly alter the density of optical states in the bulk of
a nonlinear crystal [Fig. 1(d)]. The density of states can be tailored
by using high-Q cavities and resonators as shown in Fig. 1(e), but
this imposes a sensitive phase-matching requirement that reduces
the downconversion bandwidth. By contrast, metamaterials de-
signed with tailored subwavelength nanoscale structures can
exhibit effective electromagnetic properties not readily available
in nature. Nanophotonic materials with unusual material param-
eters have previously demonstrated the potential for nonlinear
optical generation [13–16] and also for tuning radiation properties
of isolated quantum emitters [17–19]. Reference [20] proposes a
Green’s function formulation to account for light emission in non-
linear metamaterials and applies this theory to study spontaneous
four-wave mixing in hyperbolic metamaterials. In contrast to
previous works, we develop here a conceptually different theoretical
framework that is based on comprehensive eigenmode analysis to
describe quantum nonlinear light emission in wide range of com-
plex photonic systems.We further provide an in-depth insight into
spontaneous parametric downconversion in metamaterials (Fig. 1)
and discuss the ways to enhance and control these processes.
To illustrate the principles for modifying spontaneous down-
conversion with metamaterials, we consider a uniaxial crystal with
an effective tensor permittivity ¯¯ε  diagε⊥, ε⊥, ε∥. Figure 2(a)
shows the isofrequency surfaces for different variations of the ordi-
nary (ε⊥) and extraordinary (ε∥) components of the permittivity
tensor. For regular crystals (ε∥ > 0 and ε⊥ > 0), the isofrequency
surfaces are ellipsoidal [Fig. 2(a)]. The closed topology of these
surfaces implies that the density of optical modes is finite (i.e.,R
∂Vk j ∂ω∂k j−1d2s ≪ ∞). Phase matching occurs only for a certain
finite range of pump wavevectors; see Fig. 3(a).
In metamaterials, a different regime can be accessed, where
either ε∥ < 0 or ε⊥ < 0 [17,21]. This is possible, for instance,
in alternating subwavelength metal–dielectric structures, as shown
schematically in Fig. 3(d), or in bulk crystals with pronounced
material resonances, e.g., hexagonal boron nitride and bismuth
selenide [22]). In such materials, the isofrequency surfaces for
extraordinary waves are transformed into hyperboloids [17,21];
see Fig. 2(a). Hence, a large optical mode density becomes acces-
sible (ideally infinite, but in practice it is limited by losses and
the achievable minimum period of the layered structure, i.e.,
maxjkj ≃ 2πΛ ). Open hyperbolic isofrequency dispersion surfaces,
in contrast with regular dispersion surfaces, remove phase-matching
constraints—that is, for any pump wavevector there is always a pair
of signal-idler photons such that Δk  0 [see Figs. 3(c), 3(d), and
3(f), and a corresponding discussion in Supplement 1 (S2,S3)].
Phase-mismatch-free operation in the hyperbolic regime, as we
show below, enables broadband operation.
From a simple phase-matching analysis, we can specify the pre-
ferred directions for single-photon emission. Conical emission is
anticipated for conventional crystals, as shown in Fig. 3(a), and
for hyperbolic metamaterials pumped along the crystal axis (kpkz)
see Fig. 3(b). However, for a pump perpendicular to the meta-
material axis (kpkx), the expected light emission is hyperbolic,
(a) (b)
(c) (d) (f)
(e)
Fig. 1. Purcell enhancement of quantum nonlinear light generation with
metamaterials. (a) An excited two-level system in free space decays by sponta-
neous emission. This process may be enhanced by modifying the emitter
coupling to the photonic environment, (b). (c) Light may also be spontane-
ously emitted within a nonlinear crystal, when pump photons spontaneously
fission, creating quantum-correlated signal-idler photon pairs. Nonlinear
generation depends on the density of optical states, ρreg, and the strength
of light–material interaction Hˆ int, which also depends on phase matching
between the pump, signal, and idler waves (Δk)—a condition hard to meet
in bulk nonlinear materials. (d) Poling of a crystal minimizes the phase mis-
match (Δk → 0) for a spectrally narrow operation range, but in general the
density of optical modes is not significantly changed (ρpoled ≃ ρreg).
(e) Modification of the density of optical states in a resonator or a waveguide
enhances emission and modifies the phase-matching conditions, but the
high quality factor limits the operational frequency range. (f) Conversely,
metamaterials may enable nonresonant, broadband, phase-mismatch-free
Purcell enhancement of spontaneous nonlinear light emission.
(a) (b)
Fig. 2. (a) Map of possible isofrequency surfaces (∂Vk) for a uniaxial
crystal. Elliptical and hyperbolic dispersion regimes may be accessed by
controlling the signs of ordinary, ε⊥, and extraordinary, ε∥, permittivities.
Notably, a semi-infinite number of optical modes are available in materi-
als with hyperbolic dispersion (ρ ∝ ∂Vk). (b) Spectral diagram of the
downconversion process treated here. The metamaterial is pumped in
an elliptical dispersion regime, whereas spontaneous downconversion
of the signal-idler pairs occurs in the hyperbolic dispersion regime.
Color gradient depicts the expected fluorescence probability.
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as shown in Figs. 3(c) and 3(d). We predict that it is this
combination of phase-mismatch-free parametric downconversion
together with a near-infinite number of available optical modes
that leads to a substantial enhancement of signal-idler downcon-
verted photon pair emission rate. (Note that a similar criterion
is satisfied for some other spontaneous wave-mixing processes,
e.g., spontaneous four-wave mixing [20]).
To probe the spontaneous parametric downconversion in the
hyperbolic regime, we consider a process schematically shown in
Fig. 2(b). We assume that photons of a pump laser beam in an
elliptical dispersion regime spontaneously downconvert to extraor-
dinary signal and extraordinary idler waves, both within a hyperbolic
dispersion regime. To be specific, we consider a continuous plane-
wave pump propagating along the x axis [as shown in Figs. 3(c) and
3(d)]. We develop a general quantum mechanical model that pre-
dicts the downconversion rate in a range of complex structures, in-
cluding such extremely anisotropic uniaxial metamaterials [see
Supplement 1 (S6) for a detailed discussion]. In contrast to previous
works (e.g., Ref. [20]), our theory is based on the comprehensive
eigenmode analysis, which enables a deeper insight to key physical
process in a variety of complex systems. We find that the emitted
signal photon spectral power density may be estimated as
dPs
dλs
 ℏπc
3L2
λ4s λi
Pp
ε0np
×
Z
d2ks⊥c2ks c
2
ki
∂ks∥
∂ω
∂ki∥
∂ω
N ks
 1 − e
iΔkL
iΔkL

2
e−γ 0ksL, (1)
where N ks  j
P
¯¯χ2lmnul ωpumωsunωij2 corresponds to a
nonlinear media “polarization mixing” term with ¯¯χ2 being a
nonlinear susceptibility and up,s,i corresponding to polarization
of pump, signal, or idler waves; λs,i are signal and idler wavelengths;
Pp is the pump power in the crystal; np is effective index at the
pump wavelength; cks,i are the coefficients due to quantization
of the interacting fields; d 2k⊥  dksydksz with ksy and ksz being
y and z components of the signal wavevector ks;
∂ks,i∥
∂ω refer to group
velocities of signal and idler waves in the direction of pump propa-
gation; L is the propagation length; and e−γ 0ksL is the quantum
mechanical signal photon decay rate. In our analysis we consider
an effective medium model [Supplement 1 (S2)] and take into ac-
count dispersion and losses perturbatively [Supplement 1 (S6)]; the
validity of these assumptions is discussed in the Supplement 1.
We consider further, as an example, nonlinear parametric
downconversion in metal–dielectric hyperbolic metamaterials
whose dielectric components comprise a second-order nonlinear
medium. Figures 4(a) and 4(b) show the power emission spectra
calculated for silver (Ag)–lithium niobate (LiNbO3) wire-like hy-
perbolic [Fig. 4(a)] and layered hyperbolic [Fig. 4(b)] metamate-
rials with 80 nm period and 25% metal filling fraction after
L  500 nm of propagation for 1 mW of input pump power.
Note that in our analysis we consider real material parameters
for both silver and nonlinear dielectric [see Supplement 1 (S1,
S5)]. For both of the hyperbolic systems we observe strong
nonlinear luminescence in a broad range of pump wavelengths
(≃150 nm of operation bandwidth). The peak emitted signal
spectral power density reaches 6 fW/nm for a layered hyperbolic
metamaterial and 22 fW/nm for a wire-like hyperbolic metama-
terial [see also Supplement 1 (S4)].
We estimate the rate of single-photon emission, Rmeta, in
a degenerate case (i.e., when λs  2λp); see Fig. 4(c) and
Supplement 1 (S1). Specifically, we predict 25,000 photons/s
for layered metamaterials and 70,000 photons/s for wire-like
metamaterials, respectively. To quantify the emission enhance-
ment, we introduce a Purcell-like coefficient for parametric lumi-
nescence, F  RmetaL∕RregularL, where we compare the
emission rate of our metamaterials with that of a regular unpoled
bulk crystal after the same propagation length. For both wire-like
and layered hyperbolic metamaterials, we obtain a nearly F  50
times increase in luminescence intensity.
The influence of losses is studied in Fig. 4(d). A peak is clearly
seen in emission at L ≃ 500 nm due to an interplay between the
downconverted photon generation probability, which is propor-
tional to interaction length L, and photon absorption, which
varies as e−γ 0ksL. However even after 2–3 μm of propagation,
the overall luminescence intensity remains reasonably high. A
similar dynamics is expected for a pair coincidence rate, which
would be proportional to the probability of observing both signal
and idler photons that scales as ∼e−γ 0ksγ 0kiL.
Our predictions may be extrapolated to other second-order
materials with refractive indices and nonlinear responses similar
to LiNbO3 (the dominant component in LiNbO3 is d 33 
34.4 pm∕V ( χ2zzz  2d 33) [23]). Hence, a nearly 3.5 times
weaker signal is expected for a potassium titanyl phosphate (KTP)
with d 33  18.5 pm∕V [24], whereas for some organic poly-
mers, d 33 values as high as ≃100 pm∕V were reported [25]; in
this case an almost ninefold stronger effect is anticipated.
Finally, as an example of a different material system, we consider
light generation in silver–gallium phosphide (GaP) metamaterials.
Gallium phosphide is a high-refractive-index semiconductor
compatible with silicon nanofabrication processes and demonstrat-
ing a strong second-order optical response [d 24 ≃ 100 pm∕V
( χ2xyz  2d 24)] [23]. However, a significant material dispersion
prevents the use of GaP in conventional practice, since the
phase-matching conditions cannot be met in the bulk crystal. The
high index and strong nonlinearity of GaP facilitate compact device
integration and higher photon generation rates. Our calculations
(a) (b) (c) (d)
Fig. 3. (a) Phase-matching diagram and corresponding photon emis-
sion pattern for an isotropic medium. For this closed isofrequency mani-
fold, phase matching is possible only for a limited range of pump
wavevectors (jkpj ≤ 2jksj). The dashed line denotes a condition beyond
which phase matching is not possible. The photon emission is conical in
this case. (b,c) Schematic of phase matching in layer- and wire-like hyper-
bolic metamaterials for pump propagation along the metamaterial axis.
Open hyperbolic isofrequency surfaces for both of the hyperbolic cases
imply pump wavevector-independent phase-mismatch-free operation.
The light emission is conical, similar to the isotropic case in panel
(a). (d) A phase-mismatch-free condition is also obtained for pump
propagating along the x axis of the hyperbolic layer and wire metama-
terials, respectively. However, in this case signal and idler waves encom-
pass an infinitely large state space enabling a significant Purcell-like
enhancement of nonlinear luminescence. Panel (d) shows the expected
emission patterns in red for this pump propagation configuration.
Letter Vol. 5, No. 5 / May 2018 / Optica 610
predict a substantial luminescence at λp  400 nm after only
50 nm of propagation (about 4 times that of the tenfold thicker
LiNbO3-based structures studied above and ≃1000 times stronger
than for a homogeneous gallium phosphide film of the same
thickness); see Fig. 4(e). We anticipate a generation rate of over
3 × 105 signal photons/s in this case [see inset in Fig. 4(e)]. The
light emission pattern shown in Fig. 4(f) is hyperbolic, as is
expected from our simple phase-matching considerations.
Our predictions of high luminescence intensities in
submicron-thickness structures suggest that compact broadband
nonlinear single-photon sources may be designed. We expect that
the actual emission enhancement may differ slightly from our
predictions due to potential fabrication imperfections and effects
beyond the scope of our model (such as a finite pump beam size
[12], limitations of the effective medium approach, and boundary
effects of the quantization model).
To conclude, in our analysis we have developed a general
framework to describe spontaneous nonlinear downconversion
in complex three-dimensional metamaterials, taking into account
photonic band structure, dispersion, and losses. We further
predicted that in hyperbolic metastructures broadband, en-
hanced, and phase-mismatch-free generation of quantum light
may be attained. We note that our theoretical formalism and con-
ceptual approach could be easily extended to other photonic plat-
forms (e.g., hyperbolic metasurfaces [26] and epsilon-near-zero
metamaterials [14,18,19]) and other frequency domains (near
and mid-infrared, where potentially highly nonlinear multi-
quantum-well semiconductor heterostructures may be utilized
[13,27]) as well as nonmetallic systems (such as all-dielectric
near-zero-index crystals [28] and phonon-polariton systems [22]).
Funding. Air Force Office of Scientific Research (AFOSR)
(FA9550-16-1-0019).
See Supplement 1 for supporting content.
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(a)
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(e) (f)
(d)
(b)
Fig. 4. (a) Calculated spectral power density of emitted signal photons for
a wire-like hyperbolic LiNbO3–Ag metamaterial for different pump wave-
lengths. The dashed curve shows expected emission from a bulk LiNbO3
crystal of similar thickness at λp  350 nm. (b) Spectral power density of
emitted signal photons for a layer-hyperbolic metamaterial. The dashed
curve shows the expected emission from a bulk LiNbO3 at λp 
500 nm, for comparison. (c) Single-photon luminescence rate for frequency-
degenerate downconversion (i.e., 2λp  λs  λi) as a function of a pump
wavelength for layered hyperbolic and wire-like hyperbolic LiNbO3–Ag
metamaterials. (d) Signal-photon spectral power density at the frequency-
degenerate downconversion wavelength for a layered hyperbolic metamate-
rial as function of pump wavelength and propagation length. (e) Calculated
signal photon spectral power density at the frequency-degenerate downcon-
version wavelength as a function of the pumpwavelength for different propa-
gation lengths for a layer-hyperbolic 70 nm GaP–30 nm Ag metamaterial.
Inset shows the calculated luminescence for a 400 nm pump wavelength.
(f) Signal photon emission map for a layer-hyperbolic GaP-Ag crystal at
400 nm pump wavelength after 500 nm of propagation.
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